fGAN: General
Framework of GAN



Probability Density

Modified from lan
Goodfellow’s tutorial

Flaw in Optimization?

P
KL = deatalog C;ata dx
G
o Pdata
— PG

W i
Maximum likelihood

(minimize KL(Pgig¢q11Pg))

Reverse KL = [ Pglog —S— dx

Probability Density

Pdata

r
Minimize KL(P; ||Pgata)
(reverse KL)



f-divergence P and Q are two distributions. p(x) and q(x)
are the probability of sampling x.

p(x) fis convex D.(P||Q) evaluates the
D:(P = f
r(PIIQ) f af (CI(X)> f(1) = difference of P and Q

X

If p(x) = q(x) forall x
smallest  De(P||Q) = j q(x)f_uz dx =0

DyPII) = | (x)f(’;ég)

If P and Q are the same
distributions,

B
ecause f > f JM—dx D¢(P||@Q) has the

is convex o
X smallest value, which is O

=f(1) =0



f-divergence |
Df(P”Q) = J q(x)f (M) dx f is convex

) q(x) f(1) = 0
f(x) = xlogx KL
Ds(P||Q) = xf q(x)zg—jglog (Zg—g) dx = xf p(x)log <%> dx
f(x) = —logx Reverse KL
Dy (P||Q) = f q(x) (—log (%)) dx = f q(x)log (%) dx
flx) = (x— 1)x2 x Chi Square

- p ' [ (p@—q®)’
D¢ (P[]Q) —f(I(X) (m—l) dx = 200 dx




Fenchel Conjugate

rP110) = [ ator (555 ax

fis convex, f(1) =0

X

e Every convex function f has a conjugate function f*

fr@) = max ixt—f(x)}

m(f)

fft) = max ixt; — f(x)}
frtz) = max dxt; — f(x)}

m(f)
X1ty — f(x1) f(t1)

Xl — f(xz) :

x3ty — f(x3)

tq

m(f)

X3ly — f(x3) ) fr(tL)
Xaty; — f(x2)
xyt; — f(x1)
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. b, P10 = [ aGorf (2
Fenchel Conjugate J (se)

fis convex, f(1) =0

e Every convex function f has a conjugate function f*

frt) = xeg{l)%f)‘xt — F} \

(1t — f(x1)
(&) £r(t)




Fenchel Conjugate

e Every convex function f has a conjugate function f*

fr(t) = max {xt—f(x)}

xedom(f)

10t — 10 log 10

f(x) =xlogx

Something like
exponential?

fr(t) = exp(t —1)

1t -1llogl=1t-0

N

0.1t —-0.1log0.1




Fenchel Conjugate

e Every convex function f has a conjugate function f*
o (f¥)* =1
fr@) = Lax f){xt — f(x)}

f(x) =xlogx +~—— f7(t) = exp(t —1)

fr(t) = Egnax(f {xt — xlogx}

g(x) = xt —xlogx Givent, find x maximizing g(x)
t—logx—1=0 x=exp(t—1)

ffW)=expt—1D) xt—exp(t—1)x(t—1) =exp(t—1)



Connection with GAN

frie) = max xt—fx)} — f(x)= max {xt—f"(t);

xedom(f) ( ) tedom(f*) ( )

p(x p(x)

D¢ (P||Q) = J q(x)f (%) dx q(x) q(x)

( p(x) .
=) 9w <t€c{cr>1%)((f*) {ﬁi_ / @D dx
~ mgle p(x)D(x)dx—f q(x)f*(D(x))dx
p(x) .
D is a function Pr(Pll@) = j 100) (@M -/ (%))> o

. . X
whose input is X,

and outputis t =jp(x)D(x)dx—J q(x)f*(D(x))dx

X X



Connection with GAN
D¢(P|1Q) zmngp(x)D(x)dx—j q(x)f*(D(x))dx

X X
= max{Eyp[D(x)] — Ex-o[f"(D())]}
Samples from P Samples from Q

Dy (PaatallP6) = Max{Ex-pyq,q [DOO] = Exepg[f*(D(D))]}

Original GAN has
different V(G,D)

= arg mGin mlng{Ex~pdat [D(x)] - x~Pg[ *(D(x))]}

G" =arg mGin Df(Pdata”PG)

= arg mGin max V(G,D) familiar? ©



D¢ (PygtallPg) = maX{Ex~Pd e D] = Exp, [f (D(x))]}

Name Ds(P HQ) Generator f(u)

Total variation 2 [ |p(z) —q(z)|dx Tu—1]

Kullback-Leibler [ p(x) loh L gp dz wlog u

Reverse Kullback-Leibler [ ¢(x)log ggr% da —logu

Pearson y? | (Q(r)l) f) (2)? g, (u—1)2

Neyman y? | W dx | @

Squared Hellinger | (\/p(r) —Va(x) )2 da (Vu—1)°

Jeffrey f (p(2) — q(x)) log ( 8) dx (u—1)logu

Jensen-Shannon < [ p(x)log WZFT% + q(x) log % dx —(u+1)log 2 + ulogu

Jensen-Shannon-weighted [ p(x)7log T)f((f)ﬂq(l) + (1 —m)g(z)log ﬁp(x)f((fin)qm der  wulogu — (1 — 7w+ 7wu)log(l — 7 + wu)

GAN [ plx loh%+q( )loh% daz — log(4) wlogu — (u+ 1) log(u + 1)
Name Conjugate f*(1)
Total variation t

Kullback-Leibler (KL) exp(t — 1)

Using the f-divergence  revencke 1 log(~1)

Pearson > L2+
1 Neyman x> 2 —2/1—1t
yOu |Ike @ Squared Hellinger =
Jeffrey W(e't) + m +t—2
https://arxiv.org/pdf/1606.00709.pdf Jensen-Shannon —log(2 — exp(t))
Jensen-Shannon-weighted (1 — ) log +— 1= —c

GAN —log(1 —(xp(f))_



